We establish the existence of stationary clouds of massive test scalar fields around BTZ black holes. These clouds are zero-modes of the superradiant instability and are possible when Robin boundary conditions (RBCs) are considered at the AdS boundary. These boundary conditions are the most general ones that ensure the AdS space is an isolated system, and include, as a particular case, the commonly considered Dirichlet or Neumann-type boundary conditions (DBCs or NBCs). We obtain an explicit, closed form, resonance condition, relating the RBCs that allow the existence of normalizable (and regular on and outside the horizon) clouds to the system's parameters. Such RBCs never include pure DBCs or NBCs. We illustrate the spatial distribution of these clouds, their energy and angular momentum density for some cases. Our results show that BTZ black holes with scalar hair can be constructed, as the non-linear realization of these clouds.
I. INTRODUCTION
The Kerr-Newman (KN) black holes (BHs) family [1, 2] plays a central role in our understanding of BH physics. In electrovacuum, the "uniqueness" theorems establish it as the only family of physically reasonable (single) BH solutions (see [3] for a review). Over the last few years, however, it has been shown that adding simple extra matter to the Einstein-Maxwell model, the KN family bifurcates to larger families of stationary, asymptotically flat, regular (on and outside the horizon) BHs with synchronized hair [4] [5] [6] [7] [8] [9] [10] , circumventing longstanding "no-hair" theorems (see e.g. [11] [12] [13] ).
The existence of these "hairy" BHs, bifurcating from the KN family, can be antecipated by considering the corresponding matter, in a test field approximation, on the Kerr(-Newman) background (see the discussion in [14] ). As first observed by Hod [15] , and further developed in, e.g. [4, 5, [16] [17] [18] [19] [20] [21] [22] [23] [24] , under a certain resonance condition, corresponding to a synchronization of the matter field's phase angular velocity with the horizon's angular velocity, real frequency bound states of the corresponding matter field exist, dubbed stationary clouds around the BH. The resonance condition corresponds precisely to the threshold of the superradiant instability of the corresponding "bald" BH (see [25] for a review), triggered by that matter field. Thus, these bound states are interpreted as superradiance zero-modes, occurring in between decaying modes (into the BH) and superradiantly amplified modes (by the BH). It follows that the hairy BHs may be regarded as the nonlinear realization of these stationary clouds, when their backreaction is taken into account and the fully nonlinear Einstein(-Maxwell)-matter system is solved.
One may ask if other well known BH solutions can equally be endowed with "synchronized matter hair". A particularly interesting case, due to its simplicity, is the three dimensional BTZ black hole [26, 27] . A major difference here, with respect to the aforementioned KN family, is that the BTZ BH is asymptotically anti-de-Sitter (AdS). This, however, is not an obstacle. In fact, the first example of a BH with synchronized (scalar) hair was found in a (five dimensional) asymptotically AdS spacetime [28] . Unlike its five dimensional counterpart, however, the geometry of the BTZ prevents the existence of superradiance for the simplest type of matter (a scalar field) and the simplest type of asymptotic boundary conditions [Dirichlet boundary conditions (DBCs)] [29] , and the corresponding zero-mode is not present.
The purpose of this paper is to show that considering a more general type of boundary conditions at the AdS boundary -Robin boundary conditions (RBCs), which are still totally reflective, thus preserving AdS as an isolated system -, stationary clouds for a massive scalar field are possible. Our work follows the observation in [30] that superradiance exists when certain RBCs are imposed for a scalar field in BTZ. Here, we shall analyze in detail the occurrence of the stationary clouds, whose treatment can be performed entirely analytically, an attractive feature which for the Kerr case only occurs at extremality [15] .
The content of the present paper is as follows. In Section II we review the computation of the Klein-Gordon equation in the BTZ BH. In Section III we discuss the most general boundary conditions that can be imposed on the matter field, compatible with regarding AdS as an isolated "box". In Section IV we obtain the requirement on the boundary conditions that yield stationary clouds and illustrate these clouds for specific sets of parameters. In Section V we summarize our findings and present some final remarks. Throughout the paper we employ natural units in which c = G N = = 1 and a metric with signature (− + ++).
II. SCALAR FIELD IN THE BTZ BLACK HOLE
The computation of the massive Klein-Gordon equation on the rotating BTZ BH is well known in the literature (see e.g. [31, 32, 43] ). The spacetime isometries allow full separation of variables (despite being a rotating BH) and the simplicity of the metric yields closed form solutions valid over the whole exterior spacetime, written in terms of hypergeometric functions. Let us review these solutions.
A. BTZ black hole
The metric of a BTZ BH in Schwarzschild-like coordinates is given by
where
M is the mass of the BH and J is its angular momentum, whereas is the AdS radius. Observe that and J have units of length whereas M is dimensionless (which provides an interpretation for the absence of BH in three dimensional vacuum general relativity). This BH solution has an event horizon at r = r + and an inner horizon at r = r − , with r ± being the roots of N (r) 2 ,
There is an ergoregion for r + < r < r erg = √ M , where r erg is the radial coordinate of the ergocircle. However, there is no speed of light surface, that is, a surface in the exterior region for which the Killing generator of the horizon, χ = ∂ t + Ω H ∂ φ , is null, where
is the angular velocity of the horizon. It will be convenient to rewrite the BH mass as a function of Ω H ,
For completeness we also note that J = 2r + r − / . The extremal BTZ BH is obtained by taking |J| = M . Thus, the event and inner horizons coincide at r + = r − = M/2 and the angular velocity of the horizon is, curiously, completely determined by the AdS radius, Ω H = 1/ . In this case, the BH mass is related to Ω H by M = 2r
B. Klein-Gordon equation
We consider a massive scalar field Φ, with mass µ/ , where µ is dimensionless, which satisfies the KleinGordon equation,
and for which the mass satisfies the BreitenlohnerFreedman bound, µ 2 −1 [44] .
Non-extremal case
For the non-extremal BTZ BH, taking the ansatz
introducing a new radial coordinate z that compactifies the exterior region r ∈ (r + , ∞) into z ∈ (0, 1),
and letting
and F is the Gaussian hypergeometric function. The superscripts (D), (N) will become clear later. Observe that this general solution depends on six parameters: r − , r + , , µ, k, ω.
In this paper, we shall be interested in obtaining stationary scalar modes, which is possible under a resonance condition for which the phase angular velocity of the mode ω/k equals the horizon angular velocity Ω H ,
It follows that α = 0, c = 1 and the solutions (9)- (10) reduce to:
where β is still as before but a reduces to
Interestingly, the general solution is now an explicit function of only four parameters: r + , , µ, k. Moreover, note that both linearly independent solutions are now realvalued solutions.
Extremal case
Let us now briefly discuss the extremal case. To solve the Klein-Gordon equation describing a massive scalar field Φ, with −1 µ 2 < 0, we still take the ansatz (7) but replace the compactified radial coordinate (8) by
This z coordinate is non-compact and maps the exterior region r ∈ (r + , ∞) into z ∈ (0, +∞), with the AdS boundary at z → 0. Two linearly independent mode solutions are
where M (a, b, z) is the Kummer's confluent hypergeometric function, with β as before and
The first one is the solution that satisfies the DBC at z = 0 (i.e. it is the principal solution -as defined below -at z = 0), whereas the second one satisfies a NBC. Imposing the resonance condition (11) , which now simplifies to ω = kΩ H = k/ , the solutions simplify considerably and become
In the extremal case, synchronised solutions depend on a single parameter, µ.
III. ROBIN BOUNDARY CONDITIONS
The AdS timelike (conformal) boundary yields the possibility of placing material sources (or absorbers) on the boundary. Thus, different boundary conditions with different physical implications are possible. Here, we wish to regard the AdS spacetime, containing the matter field and BH, as an isolated system. In this section, we show this requires that one considers generic Robin boundary conditions (RBCs). We remark that the implications of non-DBCs on the field propagation in asymptotically AdS spacetimes have been considered, e.g., in [34] [35] [36] [37] [38] [39] .
Consider a massive scalar field Φ propagating on the BTZ BH. Therein, we construct two linearly independent mode solutions of the Klein-Gordon equation, Φ (D) (t, r, φ) and Φ (N) (t, r, φ).
is chosen to be the principal solution at r → ∞, that is, the unique solution (up to scalar multiples) such that lim r→∞ Φ (D) (t, r, φ)/Ψ(t, r, φ) = 0 for every solution Ψ that is not a scalar multiple of Φ (D) . The asymptotic behavior of the pair of solutions (9)- (10) as z → 1 (r → ∞) is as follows
It is easy to see that φ (D) is the radial part of the desired principal solution Φ (D) . This is the Dirichlet solution. The other solution, Φ (N) , is a nonprincipal solution and it is not unique, as any linear combination of this solution and the principal solution is another nonprincipal solution. We shall call it the Neumann solution. A general solution may, in principle, be written as
, where C (D) and C (N) are two complex constants.
For convenience, we introduce another set of linearly independent solutions,
such that a general solution is written as Φ = C + Φ + + C − Φ − , where C + and C − are two complex constants. The flux of energy at r → ∞ is given by
where Σ r is a hypersurface of constant r and T µν is the energy-momentum tensor of the scalar field. This can be computed and the result is
Following the physical principle that the system is isolated (i.e. there are no sources or sinks at the boundary), we require vanishing flux at infinity, which implies |C + | = |C − |. As a consequence, if we write C ± = ρ e iθ± , we have, for
Hence, the scalar field has to satisfy RBCs in order for the flux to be zero at infinity. It can then be written as
This is the form we shall use in the following sections.
Observe that the (most standard) Dirichlet boundary conditions (DBCs) corresponds to ζ = 0.
To close this section, we obtain the range of µ 2 for which it is possible to apply RBCs. In short, these boundary conditions can be applied for the values of µ 2 for which both linearly independent solutions are squareintegrable near infinity [40] . Note that φ (D) is squareintegrable near infinity for all µ 2 > −1, that is,
As for the Neumann solution φ (N) , it is square-integrable near infinity for −1 < µ 2 < 0. If µ 2 0, then only the solution φ (D) is square-integrable near infinity and no boundary conditions need to be imposed.
In conclusion, RBCs may be applied for scalar fields with mass parameter such that −1 < µ 2 < 0 and no boundary conditions are applied if µ 2 0. Observe, in particular, that in the massless case µ 2 = 0 no RBCs may be imposed for normalizable modes.
IV. STATIONARY CLOUDS
Physical (scattering, quasi-bound or quasinormal) modes satisfy ingoing boundary conditions at the horizon. For the problem of bound states that we consider here, however, the correct boundary condition at the horizon is decided based on regularity. To see this, it is convenient to consider another set [different from (12) - (13)] of linearly independent solutions for the non-extremal BH,
and (a) j = Γ(a+j)/Γ(a) and ψ is the digamma function.
The first term has a polynomial expansion near z = 0, whereas the second term is logarithmically divergent as z → 0. Hence, regularity at the horizon requires B = 0. As pointed out above, the behavior of the scalar field near the horizon is not a wave-like behavior. The synchronization condition (11) changes the near-horizon scalar equation, changing the wave-like solution by a polynomial expansion. This ensures there is no flux towards (or from) the horizon, hence explaining why one may find bound states (with a real frequency) rather than merely quasi-bound states (with a complex frequency).
In the extremal case, there is no linear combination of the solutions (17) which is regular at the horizon, z → ∞. Therefore, there are no stationary scalar cloud configurations around extremal BTZ BHs: there is a discontinuous behaviour of the stationary clouds, at the extremal BTZ limit. A discontinuity that bears some resemblance has been recently discussed for zero damping quasinormal modes for the extremal Kerr BH [41] .
Returning to the non-extremal case, in order to relate this solution to the previously obtained ones (12)- (13), we perform the transformation z → 1 − z of the hypergeometric function [42] and obtain
Comparing with (24), one obtains
Eq. (27) is the resonance condition for scalar stationary clouds around non-extremal BTZ BHs. Fixing the scalar field mass, the background parameters and the cloud quantum number k fixes the right hand side of Eq. (27) and hence the value of ζ that defines the RBC that can yield that cloud. As a check on eq. (28), it reproduces the particular example considered in [30] : for µ 2 = −8/9, k = 1, = 1, r + = 5 and r − = 3 we obtain cot(ζ) = −0.414, which coincides with the value presented therein.
An analysis of the resonance condition shows that, for −1 < µ 2 < 0, the allowed values of ζ fall in the domain [ζ * , π), where particular includes pure DBCs and NBCs, in agreement with previous results [29] .
Another perspective on the resonance condition is that fixing the scalar field parameters µ 2 , ζ and k, and for a given r + or , stationary clouds only exist for a discrete set of values of J. As an illustration, in Fig. 1 we display some examples of existence lines for the stationary clouds, in an M versus Ω H diagram. In particular, comparing the left panel with the same type of plot for the Kerr case (see Fig. 1 in [4] ), one verifies significant differences: in the Kerr case M = 1/(2Ω H ) for extremal BHs and non-extremal BHs exist below this extremal line; for the BTZ case M = 2Ω H for extremal BHs and nonextremal BHs exist above this extremal line.
In Fig. 2 we illustrate the radial profile of a selection of clouds. It is worth noticing that, as we vary the value of ζ (and correspondingly ) for fixed µ 2 and k, the radial profile of the stationary clouds can change qualitatively. In Fig. 2 we also show the energy density and angular momentum density of the same cases for which the radial profile is plotted, using the appropriate components of the energy-momentum tensor associated to the scalar field Φ, which is given by
From these plots one can see that both the radial profiles as well as the energy and angular momentum distributions are everywhere regular and smooth.
V. CONCLUSIONS
The BTZ BH [26, 27] stands out as a simple, geometrically elegant, BH solution of three dimensional general relativity (with a negative cosmological constant). In this paper we have shown that using appropriate RBCs, BTZ BHs can support stationary scalar clouds of a massive scalar field. The stationarity of the clouds means that their frequency is real, and actually, synchronized with the BH horizon angular velocity, through relation (11) . For a complex scalar field, the corresponding energy momentum tensor will be invariant under the Killing vector fields ∂/∂t and ∂/∂φ. Hence, the backreaction of the clouds can (and should [14] ) yield a family of stationary and axisymmetric BTZ BHs with synchronized scalar hair. We hope to report on the construction of these solutions in the near future, 2 but we remark that these are different from the example discussed in [30] , wherein the geometry is invariant under a single Killing vector field. A quite different example of a "hairy" BTZ BH has been reported in [45] , using non-linear sigma models.
The RBCs are fundamental for the existence of the stationary clouds reported here. If the more standard DBCs are imposed, without imposing the synchronization condition (11) , it can be observed that, generically, only quasi-bound states exist (with a complex frequency). However, taking the extremal BTZ limit, for one branch of quasi-bound states, the imaginary part vanishes and the real part synchronzes, i.e. reduces to (11) . A very analogous type of behaviour has been observed for charged BHs in [46, 47] (replacing the horizon angular velocity by the horizon electrostatic potential, and k by the field's charge), where they have been dubbed marginal clouds around BHs 3 -see also [48, 49] . 3 We would like to thank M. Wang for this observation.
Finally, we would like to mention two possible continuations of this work. Firstly, the results in this paper suggest detailed studies of superradiant instabilities of the BTZ BH, triggered by scalar fields with RBCs, could be quite interesting. We remark that superradiance was argued to occur in the BTZ background in [52] , motivated by considerations of quantum field theory on this background; but as mentioned above, under DBCs superradiance does not occur [29] . The observation in [30] together with our work invite us to revisit this problem, considering the more general class of RBCs (see also [53] for related remarks on the relevance of boundary conditions for the occurrence (or not) of superradiance on four dimensional Kerr-AdS ). Secondly, since the BTZ BH arises as identifications of three dimensional AdS spacetime, it would also be interesting to understand if and how the stationary clouds we have presented here are related to AdS normal modes.
